
MAT 351 Homework 6 - Summer 2019

Due: Wednesday, July 17

Exponential and Logarithm maps for quaternions:

exp : ImH −→ S3, exp(θv) = cos θ + sin θv.

log : S3 −→ ImH, log(cos θ + sin θv) = θv

Real exponentiation of unit quaternions:

qt = exp(t · log(q))

(cos θ + sin θv)t = cos tθ + sin tθv

1. Let q(t) = cos θ(t) + sin θ(t)v(t) be a function from R to S3. We can also write q(t) = exp(θ(t)v(t)). All unit
quaternion curves can be represented by this formula. We have shown that a naive application of the chain
rule on quaternions can be false. So we cannot assume that q′(t) can be found by mimicking the chain rule on
real-valued functions. This would go like:

q′(t) = exp(θ(t)v(t)) · d
dt

(θ(t)v(t)) = exp(θ(t)v(t)) · (θ′(t)v(t) + θ(t)v′(t))

(a) Find q′(t) correctly by taking derivatives of components.

(b) Determine exactly when this correct derivative is equal to the incorrect formula above. (ie. under which
conditions on θ(t) and v(t)).

2. Show that for unit quaternions p and q: − log(pq−1) = log(qp−1).

3. Let p and q be unit quaternions, so that u1 = log p, u2 = log q, w1 = log(pq) and w2 = log(qp) are vectors in
Im(H).

(a) Show that |w1| = |w2|.
(b) Show that if pq 6= qp then w1 −w2 is perpendicular to both of u1 and u2.

(c) Show that the set of 3 vectors {w1 + w2,u1,u2} is linearly dependent.

4. Find the cubic control points P1 and P2 for a parabolic blend curve given by

γ(t) = lin(lin(P0, P3, t), lin(Q1, Q2, t), 2(1− t)t)

in terms of the corner points P0, Q1, Q2 and P3, so that the resulting set of control points gives exactly the
same curve as above using cubic control points P0, P1, P2 and P3.



5. Illustrate with actual values of the unit quaternions q0, q1, and q2, at least three distinct cases that come
up in the construction of the parametrizations of circles in the circular blending algorithm. (The cases are
determined by whether q1 and q2 are on the same side or opposite sides of the circle across the line determined
by u, or if one of them is exactly opposite q0.) Make your examples satisfy the following conditions: NOT all
three quaternions lie on a great circle, and no quaternion is equal to 1 or −1. In each case, specify the three
quaternions in rectangular form, find the center the of the circle through the three points (quaternions) in R4,
specify the vector u from the center to the first quaternion q0, and the vector v orthogonal to u.

Description of the Circular Blending Method

Given a sequence of unit quaternions q1, . . . , qn, we construct a path B(t) which interpolates the qi by blending
circular arcs. First, through any three consecutive distinct points (quaternions qi−1, qi, and qi+1) there exists a unique
circle in R4. The center of the circle can be found with vector geometry, and thus we can write a parametrization
for the circular arc from qi−1 to qi+1 passing through qi, and call it Ci(t). Suppose that Ci(0) = qi−1, Ci(αi) = qi−1,
and Ci(βi) = qi−1. Between any two quaternions qi and qi+1 there are now two circular paths: Ci(t) and Ci+1(t).
Next, we reparametrize these two paths so that we have Ci(s) and Ci+1(s), 0 ≤ s ≤ 1, with Ci(0) = Ci+1(0) = qi
and Ci(1) = Ci+1(1) = qi+1. Finally, we define Bi(s) = Slerp(Ci(s), Ci+1(s), s). Piecing all the Bi together will give
a path B(t) as desired. We call this ultimate path the circular blending quaternion interpolation curve.

Here are some more details:

1. First we find the center of the circle. For simplicity, let i = 1. Any 3 distinct unit quaternions q0, q1, and q2,
are noncolliner, so they determine a circle, and hence also a plane, call it M , in H. Let M1 and M2 be the
midpoints of the line segments from q0 to q1 and q1 to q2 respectively. Also let v1 and v2 be the vectors from
q0 to q1 and q1 to q2 respectively. Further, let w1 be the vector component of v1 orthogonal to v2 and let w2

be the vector component of v2 orthogonal to v1. It is then possible to parametrize the perpendicular bisector
(in the plane M) of the line segment from q0 to q1 with the midpoint M1 and the perpendicular vector w2.
The other line bisector can be parametrized similarly. Finally, the center C of the circle is just the intersection
of these two bisectors.

2. The parametrization C1(t) can be written as

C1(t) = C + cos tu + sin tv, 0 ≤ t ≤ θ

for some appropriately chosen u, v and θ. First, let u be the vector from C to q0. Next, we will choose v to be
one of the two vectors parallel to M , with length |u|, and orthogonal to u. In order to determine which one,
let u1 be vector from C to q1, and let u2 be vector from C to q2. Since q0, q1, and q2 are distinct points on a
circle, it is possible for at most one of u1 or u2 to be opposite u. When either (or both) of these vectors are
not opposite u, we define w1 and w2 to be the vector components of u1 and u2 orthogonal to u, normalized
to have the same length as u. That is: w1 = (u1)⊥u and w2 = (u2)⊥u . Let α be the angle between u and u2.
Now suppose u1 = −u. Then we set v = −w2 and θ = 2π − α. On the other hand, if u2 = −u, then we set
v = w1, and θ = α = π. Now suppose neither of u1 or u2 is opposite u. Then setting v = w1 will give the
correct parametrization if either w1 = −w2, or if w1 = w2 and |q0 − q1| < |q0 − q2|. In the case that w1 = w2

and |q0 − q1| > |q0 − q2|, we set v = w2. If w1 = −w2, or w1 = w2 and |q0 − q1| > |q0 − q2|, then we set
θ = 2π − α. If w1 = w2 and |q0 − q1| < |q0 − q2|, then we set θ = α.

3. The reparametrization. In order to blend two circular arcs, C1 and C2, we will need to reparametrize the
pieces which go from q1 to q2 in each case over the same interval, say 0 ≤ s ≤ 1. First let β be defined so
that C1(β) = q1 (computed in a similar way to α above), and let γ be defined so that C2(γ) = q2. The new
parametrizations are then: C1((1− s)β + sα) and C2(sγ), 0 ≤ s ≤ 1.


