(b) State transition diagram

(a) System diagram

Figure 2.1 Diagrams for system TAF (twice as fast)

Substituting A = w and u, = 1, we can find the steady-state probabilities of
being in any state of the system.
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We are considering this system to be a single server comprised of two
workers. The utilization of the server is given by 1 — P,, where Py is the
probability that the server is idle. Therefore, utilization of the server is

Q.E..“HIN.-O
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This means that _.\lu of the time, the twice-as-fast server has something to

do. Now, using the utilization law, U = XD, we can find the throughput of
system TAF as follows:

QH»_»

Nﬂ% =

2.2.2 Sequential System

Ms. Droll has suggested the use of two lines, as shown in Figure 2.2(a).
Customers will first place their orders at one line, then wait in another line for
their orders to be filled. We call this system SEQ since the two lines are visited
sequentially by customers. The state diagram for system SEQ is a little more
complicated than for system TAF and is shown in Figure 2.2(b). The state of
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(a) System diagram (b) State transition diagram

Figure 2.2 Diagrams for system SEQ (sequential)

the system can no longer be expressed as the length of a single line in the
Testaurant. Instead, the state depends on the length of both the lines. Let i j
indicate a state in which there are ; people in the first line placing orders and J
people in the second line picking up orders. There are 10 possible states: 00,
01, 02, 03, 10, 11, 12, 20, 21, and 30.

Customers entering the store at rate A must first be served at the first line,
where they place their order and pay at rate p,. After finishing at the first line,
customers move to the second line, where they pick up their order, and then

leave the store at rate u,. The system of balance equations that comes from the
diagram is

APy = u. Py
(4 1) Por = pePop + pe Pig
A+ pe)Poy = pePoy + p. Py
MePo3 = p, Py,
A+ pe)Pro = APy + p. Py
(- +2u) P11 = APot + pe Pry + o Py
2uePiy = APy + p. Py
A+ 1) Py = APy + . Py,
2pe Py = APy + u. Py
HeP3 = APy

Yopi=1
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As before, one of the first 10 equations is redundant. The solution to these
balance equations is

Py = t,w
A3+ 3A%, + 202 + il

Au?

Py = Pip = L3
T T W, v

».Nts

Py = Py = Py =
. BT = = e, + 2042 + 3
v..u

Pos = Pz = Poy = Po = 43 + 302, + 20p2 + 3

We notice that many states have the same solution: P,y = Py, Py =
Py = Py and Py =Py = Py = Py;. Haab_w@mbm these sets of equivalent
states in the diagram, we discover that for each set, the states fall on the same
diagonal line. This kind of symmetry is typical. Failure to find the symmetry
in a solution is often good reason to recheck one’s work. This is not to say,
however, that all systems display such symmetry.

Finally, substituting values for A = 3 and g, =1, the steady-state proba-
bilities for this particular system are
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Py=Py=Pp=Py = %

Again, we use the utilization law, U = X D, to determine the throughput of this
system. There are two servers in this system, though. Do we use the utilization
and demand of the first server, the second server, or somehow “average” them
together?

The answer comes by looking at the topology of the system, meaning
the connections between the servers. The topology of system SEQ is a straight
line: customers (A) enter the restaurant, (B) are served by the first server (place
order), (C) are served by the second server (pick up order), and (D) exit the
store. This sequence of events is shown in Figure 2.3. Remember that we have
assumed that our system is in steady-state. A consequence of this assumption
is that, for any state, flow into that state is equal to flow out of that state. A
generalization of this concept is that flow into the system must be equal to flow
out of the system. Since the topology of this system is strictly sequential, we



o ek DUIVILE WIC ANCIIAUVE IVIOUELS 33

I ! Demand at the second server is also D,, which is 1. Therefore, throughput of
® ® the second server is
- 11
(A (®) © ® ~ 2
Enter Order Pick up Exit

Figure 2.3 Topology of system SEQ Which is the same as X

~.

¢an measure throughput at any point along the line shown in the figure and it

s.;: be the same. We know the utilizations and demands for points B and C, so 2.2.3 Random-Line System
either of these points will do. Let us consider point B, which is the first server.

G.:.mmmmos of the first server, Usqy, can be obtained by summing the Mr. Innis described a system in which there are two full-service lines,
G.og_u::am of all states in which there are no customers at the first server (idle each served by a single worker, as shown in Figure 2.4(a). Customers enter
9.5.3, and subtracting this sum from 1. Any state that has a zero as the first the store and randomly choose a line; therefore, we will refer to this system as
digit of its labe] is included in the summation, system RL. We shall interpret the word random to mean that the probability of

choosing a line is the same for all lines, Since there are two lines in this system,
Ussoy = 1 — (Pyy + Po1 + Py + Py3) then the probability of choosing any particular line is w Hrmnnmoﬁ, ocaan._.m
4 2 1 1 entering the store arrive at either line with rate A/2. Each line is full-service in
=1—-—_-_ _ _ = the sense that customers place their orders and pick them up in the same line at
13 13 13 26 rate uy.
_ 11
T 26
Demand at the first server is D,, which is 1. Therefore, throughput of the first
server is given by
.N - meo_
s Um /
_nu
- MN [ \
which is the throughput of the system. Let us compute throughput at point C ?

H : . . r/'v
to verify that it will be the same. Utilization of the second server, Uy, is
o.cﬁ.mﬁ.an by summing the probabilities of all states having a zero as the second
digit in the state label and mccﬁmoazm this sum from 1.

Uggp = 1 — (Poo + Py + Py + Py) (a) System diagram (b) State transition diagram
- 1- 4 2 1 1 Figure 2.4 Diagrams for system RL (random line)
13 13 13 26
= 11 The state diagram for system RL is shown in Figure 2.4(b). Notice that

26 . the system has the same set of states as system SEQ, but the transitions between
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states are quite different. The system of balance equations for system RL is

APy = upPor + pp P

. System Design II: Multiple Stations Chap. 2 Sec.

22
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T
®

vr .
A+ up) Py = Mwoo + us Poz + wup Py,
A
A+ up) Py = Mwe + o Poz + wp Pyp
A (B)
Ls Nuou - M Py Order and
2 . pick up
A+ up)Pro = 5 Poo + 15 Pry + 1y Py I
A A
A +2u) Py = 2py + 2 ) H e
b)Pi = =Py + 5 Po+ up Pia + py Py Enter Exit
A A
2up Py = Mws + Mm.:
) A
A+ up) Py = Mws + us P+ pup Py, o
2 . .Oann and
2up Py = Mwnc + Mw: e
Figure 2.5 Topology of system RL
s Pyp = A P,
= =Py
) Substituting A = 1 and p, = 1 the steady-state probabilities for system RL are
3 3 P

MUWC."w

diagram.

All Eom.o omcwnozm “look” bad but are not difficult, First, study the state diagram
and verify its correctness. Then these equations can be written directly from the

The steady-state solution for system RL is

3
Py = . A.tw :
203 + 302, + 4hp? + 4ud
N :
Por = Pio = — Aty
203 + 302y, + 4hpu2 + 43
2
Py =Py = Py = )

Po3 =Py = Py = Py =

203 43321 + 4 p2 + 443

A3

2
203 + 302w, + 42 + 4l

4

Py = —

=13

2

Py = Pjg = —

01 10 =13

1

mucwumv:"mvwo"w

1

Pyz = Pyp = Py = Py = 2%

This is the same solution as for system SEQ, but are the throughputs of the two
systems also the same?

To find the throughput of system RL we must again consider the system
topology, which is shown in Figure 2.5. Every customer will take either path
(A,B,D) or (A,C,D) through the system. Therefore, to get the throughput of the
system we must measure throughput at both points B and C, the two servers,
and add them together.

Upi = 1 = (Poo + Poy + Poa + Po3)
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11 this system, which we will refer to as system SL, is given in Figure 2.6(b). The
=3 system of balance equations is

APy = wpPoy + py Py
Uz = 1~ (P + Pyo + P + Pyp) A

) 4 2 1 1 A+ up) Py = Mm.s + s Py + pp Py

A+ up)Poy = py Py
= — A

26 . A+ pp) Py = mw8+§m.~c+§w:

A+ 2up) Py = APor + APio + wpPra + pp Py
Xo = X + ) O

A
Ur, " Urio 2pup Py = APy + Mw:
D, D, A+ pp) Py = pp Py
_11/26 11726 2
=2t 2up Py = 5P+ APy
11
= e Do Py=1
We see that the throughputs of system SEQ and system RL are the same. The solution set is
Poy = 1y 3h + 4puy)
2.2.4 Shortest Line System A+ 303, + 50202 + Thpj + 4uf
g (3r + 4up)]/2
Mrs. Gardener pointed out to Mr. Innis and the rest of the board that Poy = Py = FYSETE “, 5923 .“. qM A
customers are more likely to choose the shortest line to get into when they enter Ko Hb Hp & Sty
the restaurant. Her system is exactly like Mr. Innis’s except that when lengths Poy = Pr Auy/2
of the two lines are different, an arriving customer will get into the shorter line, 02 =" = + 303, + 5X202 + Tag) + 4 ul
as shown in Figure 2.6(a). When the line lengths are the same, there is an equal )
probability of a customer getting into any particular line. The state diagram for Py = Ap (A + 2pp)
A+ 303y + 52202 + TAud + 4p
P+ py)l/2
Po=Py = = 3 2. 723 7
/ A 4303, + 52202 + TApy + 4p;
o
With A = W and wp = w. the steady-state probabilities for system SL are:
. e —
Choose Po = |q|
shortest 0= 20
T
7
ot 10=75
1
(a) System diagram (b) State transition diagram Py = Py = g

Figure 2.6 Diagrams for system SL (shortest line)
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3
20
1
20
Since the topology of system SL is the same as system RL (see Figure 2.5),

throughput is found in the same way. That is, we find the throughputs of the
two servers and add them together.

Py =

Pp=Py =

m\m.._ = ulAﬁoc.*\vE-Tm.omv

=1L _T1T_1
20 40 40
9 .

20

Us, = 1= (Poo + Pig + Pyp)

Nm_. = .Nu_._ + Nms

Ui U,
=D, D,
_9/20  9/20
=5t 2
9
20

2.2.5 Common-Line System

Freddy, who often sits in on board meetings, suggested a system that
is popular in banks and post offices. In this system, shown in Figure 2.7(a),
there is one long line where everyone waits. When a worker becomes free, the
person at the head of the line goes to that worker to be served. All the workers
draw customers from a common, shared line, which is why Freddy calls this
the common-line system. We will refer to it as system CL.,

Figure 2.7(b) shows the state diagram for this system. The state description
in this diagram is slightly different from the previous three. Each state is marked
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~~_ Wk

A=

(a) System diagram (b) State transition diagram

Figure 2.7 Diagrams for system CL (common line)

with three numbers, for example, ijk, where i is the number of people waiting
in the common line, j is 1 or 0 depending on whether or not the first worker
is busy serving a customer, and & (like j)is 1 or O depending on whether the

second worker is busy serving a customer. The balance equations for system CL
are

APooo = iy Poor + ay Poro

A + pp) Poo; = W.wooo + i Pory
(A + pp) Poyg = Wwooo + s Por
(A +2pp) Port = APoo; + APoyg + 2 Py
2up P11y = APy

MN.; =1

The steady-state solution is

P 4ty
T B2, + 4l
22
Pooy = P, =
o e = S e, + Al + 4l
222,
Pony = 3 5 B 3
M 202, + 4dp2 + 43
»ru
Py =

A+ 202y + A2 + 43
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With A = 5 and p, = w. the steady state probabilities for system CL are:

4

Py = —

=1

2

Poor = Poyg = Py, = T
1

Py = —

111 -

Throughput of system CL is

Ui = 1- (Pooo + Pogr)

”~||A,lllw
11 11

_ 5

T

Ucea = 1 — (Pogy + Poyg)

11 11

_ 5

T

”nQoh.Tans
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5/11 5711

=Tt
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2.3 COMPARING THE ALTERNATIVES

Now that we have solved for the steady-state probabilities. for each of the pro-
posed alternatives, we can compare them to see which is best. But what do we
mean _u.v\ .w@i That is, what is the most appropriate objective function to use in
determining a ranking of systems with respect to desirability? In the preceding
problem, the best worker was hired depending on the throughput of the sno-cone
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stand when he or she worked. We can apply a similar notion of best to the
JiffyBurger problem. That is, the system that has the highest throughput is the
best. The highest throughput will mean the most customers being served per
minute, hence more money made.

But there are other measures of best that should also be considered. Sup-
pose that a system has high throughput, but customers spend a lot of time in the
restaurant. Over time, customers may not like coming to JiffyBurger because it
takes too long to get in and out. Thus, as a function of time, A may decrease due
to dissatisfied customers. The length of time between entering the restaurant
and leaving it is known as the response time of the system. It is the average
amount of time a customer spends in the restaurant. Hence, another objective
function would be to minimize the response time. This will undoubtedly please
the customers, which may result in an increased arrival rate A.

Another way to rank systems would be to compare wait times, that is, the
amount of time a customer must wait while not receiving service. Customers do
not seem to mind standing in line as long as they know they are being waited
on. Wait time is simply the response time of the system less the average service
time.

So now we have three different objective functions by which to rank these
five systems. Instead of deciding which of these is the proper “best” criterion,
we will find all three rankings, present them to the board, and let them decide
which is most appropriate.

Other objective functions are feasible. Examples include minimizing server idle
time, minimizing the number of customers who go to NiftyBurger, minimizing
the variance between customer response times, and so on. The proper objective
function is always a management decision.

2.3.1 Ranking by Throughput

Table 2.1 shows the throughputs of each system. We see that system TAF
is the best (having the highest throughput), followed by system CL, system SL,
system RL, and system SEQ. Intuitively, this makes sense. The best through-
put is achieved when all of the server “power” is concentrated in one place.
Whenever there is anyone in the restaurant, the server (both workers working
together) is utilized. The other schemes, however, allow for a worker to be idle
while the restaurant is not empty.

System CL has better throughput than system SL, but is the difference
really significant? A look at the percentage improvement of one system over
another shows that system CL delivers only 0.8% more throughput than sys-
tem SL. Comparing system CL to system SEQ shows an improvement of 7.3%.



